It is conjectured that Einstein's gravitational energy-momentum pseudotensor is physically significant under the de Donder condition. The validity of this conjecture is explicitly checked by some simple exact solutions to the Einstein equation. § 1. Introduction
General relativity is the most satisfactory classical theory of gravity. It is formulated so as to be invariant under general coordinate transformations. When quantized, such a local symmetry must be explicitly broken by "gauge fixing", that is, by introducing a coordinate condition in the case of general relativity. It is generally believed that gauge fixing has no physical meaning.
In 1978, the present author ll succeeded in quantizing general relativity GL(4)-covariantly in the Heisenberg picture. Subsequently, 2) this formalism has turned out to· be so much remarkably beautiful that it is too unnatural to regard its outstandingly distinguished feature as a mere accident. Therefore, the present author3) believes that its quantization procedure, such as its gauge fixing, is physically significant in some sense, in contrast to the common belief of particle physicists. The gauge fixing used in this theory is the de Donder (or harmonic) condition, whence it is expected that the de Donder condition is preferential and physically significant.
Quite independently, in 1982, Chou 4 ) emphasized the phy~ical significance of the de Donder condition in the purely classical framework of general relativity. In contrast to the common belief; "coordinates don't matter", of general-relativists, he points out that without making the coordinate system definite, it is impossible to set up the matter distribution which is necessary for solving the Einstein equation_ Furthermore, without knowing what coordinate system one is employing, one cannot make any physical prediction from a solution of the Einstein equation. Chou adopts the de Donder condition as the condition specifying the correct coordinate system, because the theory of gravitational waves is correctly formulated under it. Then he presents several exact solutions to the Einstein equation under the de Donder condition, supplemented by some physical requirements, such as having the correct Newtonian approximation and satisfying the equivalence principle, in order to determine integration constants. Now, the purpose of the present paper is to discuss the physical significance of the gravitational energy-momentum pseudotensor t and instead considered the total energy-momentum vector for an isolated system as the physically sensible quantity. The correctness of his proposal was verified by the positiveenergy theorem established in 1979. 6 ) Encouraged by this happy result, we wish to return to the original problem of t
Although it is, of course, a meaningless quantity in an arbitrary coordinate system, there still remains the possibility that it is physically sensible in a particular coordinate system. Since we take the standpoint that the de Donder condition is preferential, we now wish to propose a conjecture that t P 1/ is physically significant under the de Dander condition; more precisely, we conjecture that, for physically reasonable exact solutions to the Einstein equation solved under the de Donder condition, tao is positive semi-definite, tPI/ is symmetric and t P 1/ vanishes identically if and only if the Riemann tensor vanishes. In the present paper, we check this conjecture by using some solutions presented by Chou.
)
In § 2, general formulae are reviewed. We consider the spherically symmetric static solution in § 3, the static solution for an infinite rod in § 4 and the static solution for an infinite plane in § 5. The final section is devoted to discussion. § 2. Preliminaries Let gPI/ be the gravitational field*) and set g=det gPI/, h=M and [jPI/=hgPI/. The de Donder condition is (2·1)
In general relativity, the affine connection r\'T is expressed in terms of gPI/:
The Riemann tensor R). ppl/ is defined by (2· 3) The Ricci tensor and the scalar curvature are defined by Rpl/=R).pl/). and R=R P p, respectively. The Einstein equation is (2· 4) where x is the Einstein gravitational constant and TPI/ denotes the matter energymomentum tensor. The Einstein equation follows from the Lagrangian density Although the covariant derivative of h TPI/ vanishes, this fact does not imply that hTPI/ is a conserved quantity, because l7 p(hTPI/) does not reduce to op(hTPI/) in contrast *) We employ the convention goo"" + 1 in the fiat limit. 
De Donder Condition and the Gravitational Energy-Momentum Pseudo tensor
in the polar coordinate system (t', r', 8', rp'), where S7fm/x is the total mass of the source matter.
However, (3·1) does not satisfy the de Donder condition (2 ·1). The solution satisfying (2·1) is (3· 2) in the polar coordinate system (t, r, 8, rp) . This solution was given first by Lanczos The black-hole radius of (3·2) is m, just one half of the usual Schwarzschild radius, 2m, of (3·1).
We rewrite (3·2) in the Cartesian coordinate system (t, x, y, z): 
From the above formulae, we obtain
It is easy to confirm that
j=l .
(3· 8)
Now, it should be noted that tOo is positive definite, and tpv is symmetric because
This result should be compared with the corresponding result t P 1'= 0 for the usual Schwarzschild solution (3·1) rewritten in the Cartesian coordinate system. 5) Since goo < 0 for r < m, tOo has the meaning of energy density only for r> m. The total gravitational energy outside the black hole is given by in the cylindrical coordinate system (t, p, cp, z) . Here ao and Cl are positive constants and ~ is related to p through p = aolo(~/ 2Cl) , where 10 denotes a modified Bessel function; (4 -2) satisfies
Since we consider the outside of a black hole only, we assume ~ >0 and hence p > ao.
Rewriting (4 -I) in the Cartesian coordinate system (t, x, Y, z), we have for i, j=l, 2, (4 -5) and all other components of gfllJ vanish. Here Xl=X, x 2 =y, p2=X2+y2 and a=d~/dp. As a general rule, a component of any GL(4)~tensor vanishes if it has the odd number of tensorial indices of either 0 or 3. Hence we omit writing such components throughout this section.
From (4-4) and (4-5), we have
When we differentiate gfllJ or fjfllJ, we encounter da/dp. From (4-3), it can be expressed as By using (4-9), we can confirm that fjfllJ satisfies (2-1). From the above formulae, we obtain
10)
Then, after lengthy calculation, we find a remarkably simple result:
The similarity between (3·15) and (4·14) is noteworthy. From (4·2), we see that
where II denotes a modified Bessel function. where Cl is a constant. The equivalence principle is satisfied in the former solution (Solution A), but not in the second solution (Solution B). Hence Solution A is physical, but Solution B is unphysical.
As a general rule, a component of any GL (4) Then it is easy to see that
that is, there is no gravitational energy-momentum. We can also easily confirm that the Riemann tensor R/pf.' l1 vanishes. Indeed, we can transform (5·1) into the Minkowski metric. 4 ) Thus (5·7) is a natural result. On the other hand, for Solution B, we have Then it is easy to see again that
In this case, however, the Riemann tensor does not vanish, e.g., (5·S)
Hence (5·12) is an unnatural result, but since Solution B is unphysical, our conjecture is not spoiled by this result. § 6. Discussion
In the present paper, we have proposed a conjecture that the gravitational energymomentum pseudotensor t P 1I is physically significant under the de Donder condition, and checked its validity by some simple exact solutions. Our results obtained are quite satisfactory, but, of course, more checks are necessary for claiming the validity of the conjecture.
When our conjecture is correct, it is perhaps prohibitively difficult to give a general proof of it. Under the de Donder condition, solutions are not free of the ambiguity of integration const(J.nts; one must supplement some physical requirements, such as having the correct Newtonian approximation and satisfying the equivalence principle. It is very hard to take account of such requirements in the general formulation.
For a closed universe, it is well known that the total energy Po vanishes; then it is impossible to have tOo> 0 everywhere. This trouble can be avoided if goo < 0 somewhere, because our conjecture does not require that tOo~o there.
One might say that the positivity requirement for tOo is groundless because the gravitational binding energy is always negative. But tOo is not the gravitational binding energy but the energy which is stored by the curvature of spacetime: It exists even for a single source. Furthermore, from the viewpoint of quantum theory, gravity is nothing but a collection of gravitons which carry positive energy. It is unreasonable to suppose that gravity is an exception.
In the present paper, we have not discussed the non-static case, for which we may encounter new problems. This deserves further investigation.
The 
